, the unit cube consisting of points y = ( y i , . . . , y k+1 ) with 0 ^ y ; < 1 (i = 1 , . . . , fc +1). For x = (x u ..., x fc+1 ) in t/J +1 , let B(x) denote the box consisting of all y such that 0=sy,<Xj (i = 1 , . . . , fc + 1), and let ; B(x)] denote the number of points of 9 which lie in B(x). Let
We consider the L w -norm We state two theorems which together essentially solve completely the problem of estimating ||D(£P)|| W as a function of N for THEOREM 1 (Schmidt [14] ). For every W > 1 , there exists a positive number c^k, W), depending only on k and W, such that
The case W = 2 of Theorem 1 was established much earlier by Roth [10] . Since ||D(3*)|| W is an increasing function of W for any fixed distribution 9>, Roth's result extends immediately to W>2. THEOREM 2 (Chen [1] The case W = 2 of Theorem 2 was established by Roth [12] . However, special cases of Roth's result were obtained earlier by Davenport [4] (fc = 1) and Roth [11] (fc = 2). Clearly, their results extend immediately to W=£2. Qnart. J. Math. Oxford (2) , 34 (1983), 257-279
Much work was also done on the L°°-norm
||D(<P)|U= sup \D[?;B(x)l
As an immediate consequence of Theorem 1, we have THEOREM 3A. There exists a positive number c 3 
(k), depending only on k, such that
This was improved in the case fc = 1, the two-dimensional case.
THEOREM 3B (Schmidt [13] ). For every distribution 9 in U%, we have An alternative proof of Theorem 3B (apart from the constant (700)" 1 ) was given recently by Halasz [6] , using an ingenious variation of Roth's method in [10] . On the other hand, Theorem 3B is sharp, for we have THEOREM 4 (Halton [7] ). For a suitable number c 4 
(k), depending only on k, there exists, corresponding to every natural number N^ 2, a distribution 9 of N points in UQ
+1 such that
||D(3>)|U<c 4 (fc)(logN)\
Halton's proof of Theorem 4 is based on a generalization (cf. Hammersley [8] ) of the method of van der Corput [3] , and involves the expression of numbers x € [0,1) in the form using a different prime p for each of the coordinates of ( x 1 ; . . . , x fc ) in [/$ to enable one to use the Chinese Remainder Theorem in the subsequent argument. Indeed, the proof of Theorem 2 by Roth and Chen is an adaptation of this approach.
Recently, Faure [5] showed that it is possible in certain cases to use the same prime p (large compared to fc) for every coordinate, so that one does not have to use the Chinese Remainder Theorem, which plays an important role in the original proofs of Theorems 2 and 4. In [5] , Faure gave an alternative proof of Theorem 4.
In this paper, we shall show that the construction of Faure also leads to a proof of Theorem 2. Our method here is a variation of the method in [1] and [12] , and is based on the consideration of "modifications" of a Faure sequence (or set) (see § § 2-4) and taking an average of the "discrepancy" over a large number of such modifications. To show that this average is "small", we make use of ideas in [1] and [12] . In [1] and [12] , the Hammersley (Halton) sequences are constructed with the use of residue classes and the Chinese Remainder Theorem, and therefore have some nice "periodicity" properties. Unfortunately, Faure sequences do not have quite so nice periodicity properties. However, by the use of modifications of a Faure sequence (or set), we can make use of an idea which is implicit in the argument of [1] and [12] .
The method here can also be applied to the Hammersley (Halton) sequences in [1] and [12] , at the expense of some notational complication, to give a proof of Theorem 2. Indeed, the method would also work if sequences (or sets), which could be considered to be "intermediate cases" between Hammersley (Halton) sequences and Faure sequences (see § 2), could be shown to exist. In § 9, we prove some partial results to the contrary.
I am indebted to Professor Faure for sending me a manuscript of his paper [5] .
For further discussion and references, see [2] , [9] Let h be a non-negative integer, and let pi, • • • ,Pk be primes, not necessarily distinct. Let q be a natural number. The following theorem is easier, and we omit the proof.
THEOREM 6C. There are no 1-sets of class h with respect to the primes 2,
We shall prove Theorems 6A and 6B in § 9. § 3. The discrepancy function E In § § 3-8, we shall prove Theorem 2 using Faure sets. We assume that p is a fixed prime at least equal to k. We shall consider only Faure q-sets with respect to this prime p, and shall sometimes omit reference to p.
We begin by defining an appropriate discrepancy function for q-sets in Proof. The lemma follows immediately, as, by (5), xf falls into an elementary interval of order s determined uniquely by b£ lt ..., b£.
It is convenient to introduce the following notation. 
where I* = [0, Y), is a box of class h in [/$ x [0, °°). We now partition the box B* into a union of disjoint boxes as in [1] . (Take p = Pi = • • • = Pk in [1] . We also follow the notation in [1] .) For j = 1,..., k and s = 0 , . . . , h, let gjj denote the greatest integer multiple of p~* not exceeding TJ,; further, for s^O, write
Then v ja is an integer and (7) for / = 1 , . . . , k and s = 1 , . . . , h. For s = 0,... ,h, write f * ( 8 ) so that B* is the largest box of class s in l/JxfO, oo) which is contained in B*. We now consider the complement of Bf_ x in B*. For / = 1 , . . . , k and s = 1 , . . . , h, let
In other words, B M denotes the part of the complement of Bf_ t in B* which is contained in B^ denotes the part of the remainder which is contained in
and so on. It follows that for s = 1 , . . . , h, ,
and that the union is pairwise disjoint, so that from (4) and (10) Proof. We first prove (16) . Note first of all from (12) Proo/. By (7) and (13) (30) follows on combining (31), (32) and (33). This completes the proof of (28). The proof of (29) is similar to the proof of (30), since by (14) and (15), B x j = J ltI x /*, where J^ is an elementary interval of order s. We shall prove by induction on h that the Main Lemma for k = 1 holds for a constant C satisfying C = (2 w+1 p) w .
( 3 4 ) Note that in particular, On combining (47), (48) and (49), we have, for s = 1 , . . . , h, ( 5 5 ) Applying Holder's inequality, (52), (50) and (51) to (24), we have, for / = 1 , . . . , fc and s = 2 , . . . , h -1 and w = 1 , . . . , W-1, in view of (42),
Furthermore, for / = 1 k,
^1-1/W^l/W (k-l)h
For j = 1 , . . . , k and w = 1 , . . . , W -2 , we have S U-w = 0. It follows, in view of (7) and the above, that Suppose 2. is a 1-set of class h with respect to the primes p l ,..., p k in L/£x[0, c°). Then for every natural number neM, there is exactly one point x(n) = (x 1 (n),...,x k (n),y(n))ea satisfying y(n)e[n-l, n). We may therefore assume without loss of generality that &={x(n) = (x 1 (n),...,x k (n),n-l):nelVI}.
( 6 2 ) Proof of Theorem 6A. Let p be a prime satisfying p < k. It follows from Lemma 1 that to prove Theorem 6A, it suffices to show that there are no l-sets of class 1 with respect to the prime p in l/^xfO, °°). Suppose on the contrary that 2 is a 1-set of class 1 with respect to the prime p in 
an elementary 1-box of order 1 with respect to the prime p in l/JxfO, °o) ( contains at least 2 points of St, a contradiction. This completes the proof of Theorem 6A.
To prove Theorem 6B, the following idea is useful. Suppose 2. is a l-set of class h with respect to the primes p u ..., p k in l/o x [0, °°), and that 2. is of the form (62). DEFINITION . We say that two natural numbers n x and n 2 are compatible with respect to the primes p u ..., p k if for each j = 1 , . . . , k, The proof of Lemma 10 is now complete.
The proof of Theorem 6B is more complicated than that of Theorem 6A. This is because 1-sets of class 1 with respect to the primes 2, 2, 3 in Ul x[0, °°) exist, so that we have to show that they cannot be generalized to form 1-sets of class 2 with respect to the same primes in l/oX[0,°°).
Proof of Theorem 6B. We first make use of Lemmas 9 and 10 to reduce the problem to investigating special cases. Suppose 2L, of the form (62), is a 1-set of class 2 with respect to the primes 2, 2, 3 in U% x [0, °o), so that This completes the proof of Theorem 6B.
